Accurate characterization of two-qubit gates will be critical for any realization of quantum computation. We discuss a range of measurements for characterizing two-qubit gates. These measures are architectureindependent and span a range of complexity from simple measurement routines to full quantum-state and process tomography. Simple indicative measures, which flag but do not quantify gate operation in the quantum regime, include the fringe visibility, parity, Bell-state fidelity, and entanglement witnesses. Quantitative measures of gate output states include linear entropy and tangle; measures of, and error bounds to, whole-gate operation are provided by metrics such as process fidelity, process distance, and average gate fidelity. We discuss which measures are appropriate, given the stage of development of the gate, and highlight connections between them.
INTRODUCTION
The quest to realize a scaleable quantum computing architecture is one of the key aspects of current quantum information science. Many paradigms require at least these two elements: single-qubit arbitrary rotation gates and two-qubit entangling gates, such as a controlled-NOT (CNOT) gate, 1 although more generally any gate that nonmaximally entangles two qubits can be used. 2, 3 A wide variety of experimental architectures are currently under consideration for realizing two-qubit gates, 4 such as electronic and nuclear spin-1 2 systems; atomic, ionic, and phononic simple harmonic oscillators; superconducting systems; and optical systems.
Common to all these architectures is the need for an accurate characterization of the single-and two-qubit gates. Characterizing a single-qubit gate operation is straightforward; characterizing a two-qubit gate is more complex, as the gate modifies the joint output state and so, for example, can entangle or disentangle the input state. Further, it is desirable to diagnose, and if possible correct, error behaviors introduced by a real gate, such as phase or bit-flip errors, which can induce the wrong amount or type of entanglement or decoherence.
To date, there have been a wide variety of measures used to gauge the quality of two-qubit gates. These measures are often not comparable, making it difficult to sensibly compare gate operation in one architecture with that in another. We establish an architectureindependent measurement standard for two-qubit gates. In this paper we categorize measures into three types:
• Indicative measures flag, but do not quantify, entangled state production.
• State measures quantify output state properties.
• Process measures quantify gate operation.
We examine a range of measures in the extant literature highlighting the conditions where they are best applied-using a CNOT gate to illustrate the principles. We conclude that only process measures allow definitive and quantitative statements about two-qubit gate operation, and these measures must be used for benchmarking gates against desired standards. 
INDICATIVE MEASURES A. Truth Table
The first measure of any gate is its truth table. Without loss of generality, we consider the reversible exclusive-OR (XOR) gate-the classical two-bit CNOT gate, where a control bit flips the state of a target bit. As shown in Table 1 , there are only four possible input, and therefore output, states. The simplest characterization of an unknown twobit gate is a straightforward matter of entering each possible input and measuring the output state. A more complete characterization, which allows measurement of error probabilities, is to measure the probability of each of the four possible output states for each of the four inputs, yielding a truth table, M 0 , as shown in Table 2 . One measure of the overlap between a measured truth table, M exp , and the ideal truth table is given by the average of the logical basis fidelities, the inquisition, I =Tr͑M exp M 0 T ͒ /Tr͑M 0 M 0 T ͒. To date, ionic and photonic CNOT gates have achieved inquisitions of 73% (see Ref. 5 ) and 94± 3% (see Ref. 6) , respectively.
For quantum gates, the input qubits can exist in an arbitrary complex superposition of a classical bit, i.e. ͉c͘ in = ␣͉0͘ + ␤͉1͘ and ͉t͘ in = ␥͉0͘ + ␦͉1͘, where ͉␣͉ 2 + ͉␤͉ 2 = 1 and ͉␥͉ 2 + ͉␦͉ 2 = 1. The gate has infinitely many possible inputs, and characterization is not a simple matter of exhausting all possible inputs. The difference to the classical gate is deeper than this; applying Table 1 , we see that the output state is ͉ct͘ out = ␣␥͉00͘ + ␣␦͉01͘ + ␤␦͉10͘ + ␤␥͉11͘. For certain coefficient values, e.g., ␦ =0, ␣, ␤ 0, the output state is not just the product of the input states-it is entangled, with correlations between the output qubits that cannot be replicated by classical physical models.
B. Visibility and Parity
Clearly, a signature of quantum gate operation is the generation of entangled output states-thus it is necessary to identify, and preferably quantify, these outputs. A beginning point is to measure a series of correlations, or jointmeasurement probabilities, between the control and target arms, with the aim of identifying uniquely quantum correlations. Consider, for example, the case of a controlsuperposition input, where we rewrite the inputs as ͉͘ c = ͉͑0͘ + ͉1͒͘ / ͱ 1+͉͉ 2 and ͉͘ t = ͉0͘. A CNOT gate outputs the entangled state ͉͘ out = ͉͑00͘ + ͉11͒͘ / ͱ 1+͉͉ 2 (where is a c-number and ͉͉ = 1 gives a maximally entangled state). Note that for a target initially in, say, the logical 0 state, the output state never contains terms with odd parity, only even parity terms; i.e., the control and target are always either both 0 or both 1. Thus the correlation between the arms can be quantified by constructing a jointmeasurement fringe visibility in the logical basis, e.g.,
where
is the jointmeasurement probability of seeing the state ͉ij͘, where i , j = 0 or 1. This is a simple indicative measure of a putative CNOT gate: If the logical basis visibility is not unity, then the gate is not an ideal CNOT gate.
To detect entanglement, it is necessary to input and measure superposition states. Analyzing with arbitrary superposition states, ͉͘ i = cos i ͉0͘ i + e i i sin i ͉1͘ i , where i = c or t, the joint-measurement probability becomes
Now we consider equal-weight superpositions 8 : Equalweight analysis occurs when c = t = / 4, and we define the equal-weight visibility to be
where = arg͑͒. This fringe visibility is indicative of quantum CNOT-gate operation: If the control state is an equal-weight superposition, ͉͉ = 1, then in the ideal case ͉V E ͉ = 1 (for appropriate c , t ). In the special case where the control and target analyzers have the same phase, c = t = , the visibility becomes
A similar measure is the parity, 5,9 which for two qubits is 
. ͑5͒
For our example this reduces to ⌸͑͒ = V E ͑͒; i.e., for two qubits, the parity is equivalent to the equal-weight visibility. As the phase of the equal-weight analyzers is varied, V E and ⌸ oscillate with an amplitude that is twice the magnitude of the extreme off-diagonal element of the density matrix, ͉0…0͗͘1…1͉, 9 and a frequency of 2. The latter behavior has been used as an indicator of quantum operation, 5 but care must be exercised when this is used as a measure in the two-qubit case, as separable output states can also give 2 fringes [e.g., for ͉ in ͘ = ͉͑0͘ + ͉1͉͒͑͘0͘ − ͉1͒͘ / 2 the parity of the output is ⌸͑͒ ϰ cos 2 = ͑1 + cos 2͒ / 2]. To unambiguously indicate entanglement, we must combine parity with another measure, such as the logical visibility (see Appendix A for more detail).
C. Bell-State Fidelity
An unambiguous entanglement indicator is desirable. One such indicator is the fidelity of any of the two-qubit Bell states, ͉
with the measured state :
For any separable state, F ± , ± ഛ 1/2: If F ± , ± Ͼ 1/2, the state is entangled (for instance, see lemma 1 in Ref. 10 ). It is not necessary to measure the full density matrix (which requires 16 joint-measurement probabilities; see Section 3) to determine the Bell fidelities-they can be calculated from just 6 joint-measurement probabilities,
where P ii is the joint-measurement probability. We adopt optical-polarization nomenclature as shorthand and define the logical basis as horizontal and vertical, ͉H͘ϵ͉0͘ & ͉V͘ϵ͉1͘; the equal-weight real superpositions as diagonal and antidiagonal, ͉D͘ = ͉͑0͘ + ͉1͒͘ / ͱ 2 and ͉A͘ = ͉͑0͘ − ͉1͒͘ / ͱ 2;
and the equal-weight complex superpositions as right and left, ͉R͘ = ͉͑0͘ + i͉1͒͘ / ͱ 2 and ͉L͘ = ͉͑0͘ − i͉1͒͘ / ͱ 2. As we shall see in Section 3, even in the presence of experimental uncertainty, the Bell-state fidelity is a reliable and experimentally robust indicator of entanglement. A caveat: Bell fidelities are sensitive only to the state they represent and will miss some entangled states, e.g., the maximally entangled states ͑H I͉͒ ± ͘ or ͑H I͉͒ ± ͘, where H is the Hadamard operation, always result in F ± , ± ഛ 1/2.
It is worth noting here an ongoing ambiguity concerning fidelity: Both Eq. (6) and its square root are referred to in the literature as the fidelity.
11 Equation (6) has a natural interpretation as the probability of measuring the target stage, e.g., ͉ + ͘, given the input state, (see Ref. 12) ; the square-root version has no such interpretation. Both definitions are still extant; for example, in Ref. 13 the fidelity of a pair of superconducting qubits with the target state ͉͑00͘ + i͉11͒͘ / ͱ 2 is given as 0.75. Squaring this gives the probability of measuring the target state, and the fidelity as defined here is F = 0.56-all other things being equal (which is in dispute; see Ref. 14) , the measured state is entangled, as F Ͼ 1/2.
D. Entanglement Witness
More generally, the presence of entanglement can be flagged by an entanglement witness 15, 16 -in the usual formulation, an observable W such that ͗W ͘ Ͻ 0 for some entangled states ͉͘ and ͗W ͘ ജ 0 for all unentangled states. For every entangled state, a suitable entanglement witness exists; e.g., an experimental study using a witness for ͉ − ͘ was realized in Ref.
17. An optimal entanglement witness for a class of states is one that will detect the entanglement in more states in that class than any other witness.
Since we have a priori knowledge of the entangled states likely to be produced from a CNOT gate, we will concentrate on detecting the entanglement in Werner states, i.e.,
where p ͓0,1͔, I I is the maximally mixed state-to model the effect of decoherence-and ͉͉͗͘ is the maximally entangled state expected from an ideal CNOT: This state models the effect of a decohering channel. An optimal entanglement witness for this class of states can be simply constructed 18 by finding the eigenvector ͉w͘ corresponding to the minimum eigenvalue of ͉͉͗͘ T 2 , where T 2 is the partial transpose operation on the second qubit. 19 The witness is then constructed from W = ͉w͗͘w͉ 
͑9͒
To measure this witness, we want to decompose it into a sum of local measurements and minimize the number of measurements necessary. It is clear that for two qubits we can decompose the witness operator into tensor products of Pauli matrices-hence only three detector settings are necessary. (In Ref. 18 it was shown that three settings is the minimum that can be achieved.) The following is the decomposition of the witnesses for the four Bell states:
where X , Y , Z are the Pauli spin operators (see Appendix B). These equations show that, as with the Bell-state fidelities, it is not necessary to fully measure the density matrix to measure the witnesses-a set of jointmeasurement probabilities suffices. (This is particularly advantageous for experimental architectures where state tomography is difficult.) For example, by using Tr͕ X͖ = P D − P A , where is a single-qubit density matrix, one such decomposition is
Entanglement witnesses can be recast so that ͗W͘ Ͻ b͑ Ͼb͒ for a set of nonseparable states, where b R; and ͗W͘ ജ b͑ഛb͒ for all other states (including the separable states). In fact, the Bell-state projectors are such a case of an entanglement witness (see Appendix B), where
In general, any projective measurement that projects onto an entangled state can be used as an entanglement witness. All entanglement witnesses share the problem highlighted for the Bell-state fidelity-owing to their specificity, they will miss some entangled states.
STATE MEASURES
Quantitative measures are necessary for measuring, benchmarking, and correcting gate performance. Consider a simple example, where a gate is measured to have logical visibility and parity less than unity. This may occur for a variety of reasons, with the two extremes being that the gate operates nondeterministically as a maximally entangling gate or that the gate operates deterministically, but as a nonmaximally entangling gate. Quantitative measurements distinguish between these alternatives.
A. Quantum-State Tomography
The measurement of the state of systems of n qubits is a solved problem, comprehensively dealt with in Ref. 20 , although open questions remain concerning the optimum measurements and techniques for handling uncertainties.
Here we summarize the results relevant to two-qubit gates. As in the last section, we use optical nomenclature for brevity, but this discussion applies equally to all qubits, independent of physical architecture. The density matrix of a single qubit (or ensemble of identically prepared single qubits) is given by
where 0 is the identity operator and 1,2,3 are the Pauli spin operators. The single-qubit Stokes parameters are given by, S i =2P i − 1, where P i are the measurement probabilities represented by the four projectors 0 = ͉H͗͘H͉ + ͉V͗͘V͉, 1 = ͉H͗͘H͉, 2 = ͉D͗͘D͉, and 3 = ͉R͗͘R͉. (Note that this set is not unique, and other, more convenient sets may be used depending on architecture. For example, polarization qubits are typically measured using 0 = ͉H͗͘H͉, 1 = ͉V͗͘V͉, 2 = ͉D͗͘D͉, and 3 = ͉R͗͘R͉; see Ref. 7.) Similarly, for two qubits (or identical ensemble of same), the density matrix is given by
where the two-qubit Stokes parameters are given by
are projectors representing the 16 joint-measurement probabilities, P i 1 ,i 2 .
B. Physical Quantum-State Tomography
Equations (13) and (14) are not applicable in the presence of experimental uncertainties-such as those introduced by count statistics or analyzer uncertainties. If used in such a case, they can lead to nonphysical density matrices that violate properties such as positivity. This can be avoided by using maximum-likelihood estimation techniques based on the above probability measurements. 20, 21 These techniques find the closest physical state that is consistent with the observed probabilities by minimizing some objective function, e.g., least squares. (A more detailed discussion can be found in the next section, concerning physical process tomography.) The method in Ref. 20 is not guaranteed to find the global minimum. In recent developments, it has been shown that the problem can be recast as a convex optimization, ensuring that the global minimum is found efficiently. 21 This remains an active area of research, e.g., with a recent proposal to replace maximum-likelihood with Bayesian-state estimation.
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C. Entropy
Having measured a density matrix, it is instructive to consider what physical information can be extracted from it. The most obvious attribute is the degree of order, or entropy. For a pure state, the degree of order is maximal and the entropy is zero. Entropy measures used to date for a state include the von Neumann entropy, S =−Tr͓ log 2 ͔, and linear entropy, S L =4͑1−Tr͓ 2 ͔͒ /3. In the latter case, the entropy is scaled between S L = 0 (for a pure state) and S L = 1 (for a fully mixed state). 23 For perfect CNOT operation and pure input states, all output states remain pure and the measured entropies will be zero.
Single-qubit density matrices can be uniquely decomposed into a maximally mixed component ͑S L =1͒ and a completely pure component ͑S L =0͒; e.g., polarized light can be described as a specific combination of unpolarized and purely polarized light. It is tempting to decompose two-qubit density matrices in a similar fashion; however, in this case no unique decomposition exists and infinitely many possible combinations are possible. It is not possible to uniquely characterize the action of any two-qubit gate in this manner.
D. Tangle
As we have seen, the other physically significant attribute of two-qubit systems is the degree of entanglement. There is an active literature on measures for quantifying entanglement: Without loss of generality, we consider here the tangle, which is a measure that detects any degree of entanglement, for all two-qubit states, be they pure or mixed. 24, 25 It is quantitative, varying between T = 0 for a unentangled state to T = 1 for a maximally entangled state. For the special case of pure states-unlikely in practice-the tangle is simply given by
for n N. More generally, for a density matrix in the logical basis representation, , the spin-flipped matrix is defined to be = ͑Y Y͒ * ͑Y Y͒, 25 where * is the complex conjugate of .
Here ͕ 1 , 2 , 3 , 4 ͖ are the eigenvalues of in decreasing order, and the tangle is
Amongst other properties, the tangle is a conserved measure of the amount of entanglement that can be shared between multiple qubits, and the tangle is well defined for two-qubit mixed states. The salient attributes of a two-qubit state can be characterized by its location on the tangle-entropy plane. 23, 26 The output states of an ideal CNOT gate lie on the ordinate axis; nonideal operation introduces decoherence, and the measured output states move from the axis into the plane. There is a limit to the amount of entanglement possible for a given amount of decoherence. States that have the maximum amount are known as maximally entangled mixed states (MEMS) and form a boundary on the tangleentropy plane. 27, 28 Figure 1 shows a range of two-qubit states of varying entropy and tangle (in this case polarization-entangled photons obtained in our laboratory, using an experimental system essentially identical to that described in Refs. 7 and 23). Each data point comes from an experimentally derived density matrix, constructed from 16 measurements as described above (also see Ref. 29 ). Reference 20 has modeled the effect of experimental uncertainties on a number of quantities derived from the density matrix, including the entropy and tangle, making them suitable quantities to use in characterizing experimental systems. Figure 2 lists the Bell-state fidelities for these matrices-both those obtained with six measurements [Eq. (7)] and those obtained via the density matrix. 20, 21 Despite the presence of experimental uncertainties, the fidelity reliably witnesses the entanglement in every case. The 6-measurement fidelity has less uncertainty than the 16-measurement one-this may be because in the latter case a more complicated algorithm is used to estimate the error 20 or extra uncertainty is introduced by measuring more parameters than required to find the fidelity (16 versus 6) or some combination of the two. Figure 2 underscores the point made earlier that that the Bell-state fidelities-indeed, entanglement witnesses of any kind-are not metrics for entanglement; i.e., they do not provide a measure of how entangled a state is, they merely provide an indicator that the state is entangled.
E. Bell's Inequality
Historically, the presence of entanglement in an experimental system was indicated by the violation of Bell's inequality, B.
30,31 Such a violation is striking, as it rules out a wide class of possible "classical" models. 32 
PROCESS MEASURES A. Quantum Process Tomography
Measuring a state is not the same as measuring a gate. Just as measuring a set of output probabilities allows reconstruction of the gate output state, measuring a set of gate output states enables reconstruction of the gate process. Any quantum process or operation E can be written in the operator-sum representation for an arbitrary input state :
where E k are known as operation elements or Kraus operators and have the condition that ͚ j E j † E j ഛ I, with equality for trace preserving maps. The set of operation elements ͕E k ͖ completely describes the effect of the operation, including unitary evolution, measurement, and decoherence. 33 With process tomography, we want to experimentally determine some E k matrices that represent the process.
There is a spectrum of approaches to process tomography.
(1) Single-input ancilla-assisted process tomography, [34] [35] [36] where state tomography is carried out on the output of the process ͑E I͒͑͒ on a single input state of the original system combined with an ancilla, or auxilliary, system. (2) Standard quantum process tomography (SQPT; see Refs. [37] [38] [39] [40] [41] [42] in which state tomography is carried out on each result from a set of input states ͕ i ͖.
Single-measurement ancilla-assisted process tomography, 43, 44 where a single joint measurement of the original system combined with an ancilla system is performed on a set of input states ͕ j ͖, where
We present only SQPT here. All variations achieve the same end, but for two-qubit gates the advantage of SQPT is that both the input states and measurements are straightforward to achieve. We first present the general formulation of the technique and follow this with a much simpler formulation for two qubits where we have chosen a particular basis. Our discussion largely follows references 1 and 37. SQPT is performed in the following steps:
1. Choose a fixed basis of linearly independent input states ͕ i ͖ and experimentally determine the output density operators E͑ i ͒ for each using state tomography. These can be expressed in the basis as
2. Also choose a fixed basis ͕Ẽ j ͖ for the operators on the state space. Express the operation elements in Eq. (18) in this basis, E i = ͚ m a im Ẽ m , hence
where mn is a positive Hermitian matrix, mn ϵ͚ i a im a in * , that completely describes the process in the chosen basis.
3. Now, writing Ẽ m i Ẽ n † = ͚ j ␤ ij mn j , express the process for the input states as
Comparing Eqs. (19) and (21) and using the fact that the i are a basis yields ij = ͚ mn ␤ ij mn mn . Combining the indices ij and mn (e.g., {11, 21, 31, 41, 12, …, 44}), gives the matrix equation ជ = ␤ ជ . Hence, by inverting ␤ , ជ can be found in terms of the experimentally determined ជ .
4. As mentioned previously, is positive: Using the spectral theorem, decompose it into a product of some unitary operator U and a positive diagonal matrix D, = UDU † . This constructs the operation elements, (7)]. Uncertainties for each fidelity are shown by thin vertical lines. Note that the Bell-state fidelity is an entanglement indicator, not a measure; e.g., states 1 and 9 have similar fidelities but very different tangles, ϳ0.01 and ϳ0.54, respectively (data in Table 4 in Appendix B).
For particular cases we can choose the basis so that the above calculations are easily performed. Consider a twoqubit process or gate. If the basis for the input states is given by mn ͑jk͒ ϵ ␦ jm ␦ kn , where ͑jk͒ is a matrix with a 1 on the jth row and kth column and zeros elsewhere; and we choose as our operator basis Ã B where Ã , B ͕I , X , Y , Z͖, then the 16ϫ 16 -matrix is easily constructed in block form:
where K is a particular matrix constructed from K = P⌳, with P = I ͓ ͑11͒ + ͑23͒ + ͑32͒ + ͑44͒ ͔ I and ⌳ = ͑Z I + X X͒ ͑Z I + X X͒ /4. The ͑jk͒ basis operators for the initial states do not necessarily themselves represent physical states. This is not a problem, as we can use the linearity of the operation E͑͒ to construct them from suitable combinations of other operators. In Appendix C we relate ͑jk͒ to the ͕͉H͘ ϫ͗H͉ , ͉V͗͘V͉ , ͉D͗͘D͉ , ͉R͗͘R͉͖ operators. In Appendix D we give a detailed example of process tomography for a twoqubit gate.
B. Physical Quantum Process Tomography
As was the case for state tomography, in practice the process matrix reconstructed by the above technique will not represent a physical process. Unavoidable experimental uncertainties in the measurement statistics will lead to sets of probabilities that are inconsistent with a true physical process, and the reconstructed Kraus operators will not fullfil the property that ͚ j † E j ഛ I. To properly reconstruct the Kraus operators in the presence of noise, one can use maximum-likelihood estimation. The procedure is to parametrize a general process E x ជ by a set of parameters x ជ in such a way that it always represents a physical process. Assuming Poissonian uncertainties in the Gaussian limit, the probability of obtaining a particular set of outcomes, p ab , given a set input states, ͕ a ͖, and measurements, ͕M b ͖, is given by
This probability is known as the likelihood function: Maximum-likelihood estimation involves maximizing this probability over all parameters x ជ, which are related to the -matrix of the previous section. This can be simplified by taking the negative logarithm of the likelihood, leading to the following minimization 42 :
Again, as with the state tomography case, this problem can be reduced to a convex-optimization problem, 21 with the concomitant benefit of efficient calculation of the global minimum. This technique was recently used to measure physical -matrices for an experimental CNOT gate. 45 
C. Metrics
Having obtained the operator elements, , we must determine how close the process is to the ideal gate that we are trying to implement? Further, what determines whether a given measure is useful? Six physically motivated requirements have been identified for such measures. 11 They should (i) be a metric (behave like a ruler); (ii) be easy to calculate; (iii) be easy to measure; (iv) have a nice physical interpretation; (v) be stable (unrelated ancillary quantum systems should not affect the value); and (vi) obey chaining (for a process composed of many smaller steps, the total error between that process and some ideal process will be less than the sum of the errors in the individual steps and their ideal steps).
Four metrics have been identified that satisfy the above requirements. 11 For a process, E, and a target unitary, U, the process fidelity and distance, F p and D p , respectively, and the stabilized fidelity and distance, F s and D s , respectively, are
where F and D are the state fidelity (Section 2) and trace distance, D͑ , ͒ =Tr͉ − ͉ / 2 (see Ref. 1) and = ͉͉͗͘, respectively. Note that F p and D p exploit an isomorphism between quantum processes and unnormalized states, 46, 47 where we can construct a positive state, E , from the action of the process on part of the maximally entangled state ͉⌿
An operational interpretation for F p and D p is that they bound on the average probability of error, P e , experienced during quantum computation of a function, i.e.,
Here D s and F s have an even stronger physical interpretation. Both metrics can be interpreted as a bound on the worst-case error probability P e for a function computation:
where F p can be simply related to the average gate fidelity, F , which is the fidelity between the target process, F͑͒ and the measured process, E͑͒, averaged over all possible gate inputs, ,
͑30͒
When F is a unitary operation, U, F , and F p are related by the following equation 48, 49 :
where d is the dimension of the quantum system. Experimentally, F is as easy to measure as F p . Indeed F p can be determined without full process tomography 11, 42 requiring only d 2 to 2d 2 measurements for a d-dimensional Hilbert space, i.e., 16-32 measurements for a two-qubit gate. 11 Not only is this much simpler to obtain experimentally, it allows straightforward determination of experimental uncertainties. This can be seen by representing the -matrix in a basis where the first element represents the target gate, e.g., for ͕CNOT j k ͖ jk the first element is CNOT I I. Since the height of this element is F p , 42 only a small set of measurements is needed to determine it. Bounds on F p can be obtained with even fewer, 2d, measurements. 50, 51 In contrast, there is no known elementary formula for D s or F s , but calculating these distances is equivalent to convex-optimization problems, which can be efficiently solved numerically. For all these metrics, there are open questions in applying them to experimentally characterizing gates. Most notably, how do uncertainties in state preparation and tomography finally manifest themselves in the measure?
CONCLUSION
We have discussed a range of architecture-independent measurements for two-qubit gates that vary along a sliding scale of complexity. In this paper we have illustrated these for the example of a controlled-NOT gate, summarized in Table 3 : Similar arguments can be applied to derive appropriate measures for any two-qubit entangling gate. Simpler measures, such as indicative and state measures, are suitable for early diagnosis and developmental stages of a quantum-logic gate. For definitive statements regarding gate operation, and to allow predictions of scaling behavior, quantitative process measures must be used since only they can provide full functional gate descriptions and bounds to error behaviors.
APPENDIX A: PARITY
The parity, ⌸, should not be used on its own to indicate quantum gate operation: It should be combined with another indicator (such as the logical visibility, V L ) and applied over a range of input states.
Consider a semiclassical, CNOT-like gate, which measures the control qubit, applying a bit flip, X, if the results is 1. It is described by the completely positive map,
where K 0 = ͉0͗͘0͉ and K 1 = ͉1͗͘1͉, is the density matrix of the input state, and the one-qubit identity operator, I, and the Pauli spin operators, X , Y , Z are given by
reproduces the action of a CNOT gate for all computational-basis inputs, V L = 1, and all targetsuperposition inputs. However, it fails the parity indicator for control-superposition inputs, yielding ⌸ max =0, since the gate destroys the superposition in the control qubit.
This can be remedied by inverting the gate orientation by applying Hadamard gates ͑H͒ before and after
This gate is semiclassical, yet it has the same maximum parity, ⌸ max = 1, and the same number of parity fringes as an ideal CNOT gate: Parity alone cannot be used as an in- dicator of quantum operation. Measuring in the computational basis yields V L = 0, distinguishing this gate from a CNOT gate that would yield V L = 1. Measurement of both the computational basis and the parity are required.
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APPENDIX B: ENTANGLEMENT WITNESSES AND BELL-STATE FIDELITY
Interestingly, the witnesses of Eq. (11) can be written as
If we note that the condition for the detection of an entangled state is ͗W ± , ±͘ =Tr͑W ± , ± ͒ Ͻ 0, then we see 
If we multiply from the left by U I, we get
Then if we insert an identity and note that U I commutes with the partial transpose operation, we find 
APPENDIX D: PROCESS TOMOGRAPHY OF A TWO-QUBIT GATE-AN EXAMPLE
͑D2͒
Using ͕ ͑␣␤͒ ͖ as input states and performing state tomography on each one, we obtain a set of output matrices ͕E͑ ͑␣␤͒ ͖͒. Using the transformation in Appendix C, we can easily calculate the 16 ͕E͑ ͑jk͒ ͖͒ matrices we need to construct the -matrix in Eq. (23) . For example, with a = ͑1+i͒ /2,
͑D3͒
For the purposes of illustration, let us consider the following process, which applies a CNOT gate with probability p else does nothing,
and imagine that we obtain the output state E͑ ͒ by state tomography. Constructing the -matrix in block form as given in Eq. (23), we arrive at 
